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These slides are part of the course “Data Compression With and Without Deep Probabilistic Models” taught
at University of Tlbingen. More course materials—including video recordings, lecture notes, and problem sets
with solutions—are publicly available at https://robamler.github.io/teaching/compress23/.

Admin Stuff UniyReTar 3
» Important: next lecture only on zoom, not in classroom
> Sign up to course using (new) llias link to get zoom link by email
(link will also be on website ~30 minutes before next week's lecture starts)
» You'll have to sign up for exam on Alma starting 5 June (independently of whether you
signed up to the course on llias)

» More details will follow.
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Recap: Symbol Codes =~ UNIYRESHIAT
/vg/ ﬁfﬂflf or cowvn / ratlal

» alphabet X (discrete set) with probabilities p(x) for all symbols x € X

v

message X = (X1, X2, ..., Xk(x)) € X*
» code book C maps any x € X to its code word C(x) € {0,...,B —1}" (usually: B =2)
» induces a symbol code C*: X* — {0,..., B — 1}* by concatenation (without delimiters):
C(x) = COoa) I CO) | - | Clxee)
P properties of symbol codes:
» unique decodability: C* is injective
> prefix code: no code word C(x) is a prefix of another code word C(x’) with x" # x

> Cis a prefix code = C is uniquely decodable (but reverse is in general not true) — Problea 0.2 ()

> expected code word length L¢c := ) p(x)|C(x)|
—> P,,,é/&“ S’eql 1 xeXx &~ (:"M/:(e) //\p/p(o?‘[ He a’é/{q sorce (crctelal Cor sovrce 5,7/»7)

» Huffman coding generates an optimal symbol code (that minimizes L¢) for a given p
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Theoretical Bounds for Lossless Compression TUMNGER

» Goal of this lecture: Source Coding Theorem [Shannon, 1948]

> Relates L¢ to the so-called entropy Hg[p] (which we'll define later today).
» The Bad News: a uniquely decodable B-ary symbol code C cannot have L¢ < Hg[p].
» The Good News: Vp, one can make L¢ close to Hg[p] with less than 1 bit per symbol overhead.

» Step 1: proof bound on code word lengths, independent of p (KM-Theorem)
» Step 2: proof bound on expected code word length for a given model p

» Credits: Our proof follows:
https://www.youtube.com/watch?v=yHwlka-4g0s&list=PLE125425EC837021F&index=14
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The Kraft-McMillan Theorem [Kk:sft, 1049, McMillan, 1956] UM T
(a) V B-ary uniquely decodable symbol codes over some discrete alphabet X:

Zﬁ <1 (“Kraft inequality”). (1)

xeX Assome you are givea a

. Do “ ” oniquel mfaoo/a/plo_ s A?( ca/
. . guely e
Interpretation: we have a finite budget of “shortness” for code words A séaj e

cole word €or some 9/’6.:-/11'6

> interpret zqy as the “shortness” of code word C(x);

" " webo
» the sum of all “shortnesses” must not exceed 1; Precbel x e
:}}C[x)l 54,,1.45
» if we shorten one code word then we may have to make another 2" shotacss ! 71! 4ag

=t nv.:,‘//(excee/»‘7 )a/r ”sz‘wﬁos
bw//e%/gu st recloce Hhe

sborthiogg BT
(b) V functions ¢ : X — N that satisfy the Kraft inequality (i.e., >~ 5 Bfl(x) <1):

0F Some 5! # x
_ . . ! row
(;;;‘I’;E/’:(be;’% 3 B-ary prefix code C; with |Cy(x)| = ¢(x) VxeX. > €O grovs

code word longer so that we don't exceed our “shortness budget".

Corollary: V uniquely decodable B-ary symbol codes C:
3 a B-ary prefix code C’ with same code word lengths (i.e., |C'(x)| = |C(x)| Vx € X)
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C be a B-ary uniquely decodable symbol code over X;
> let: ¢ s e Np;
Ys = {x € X* with |C*(x)| = s}.

» then: |Ys| < B*.

Proof: Lot S:= §C'): wev i< 50 sy =[g)= B
S el T
650«/,3'@ Size. B®

Assome 1128 =2 IV, 15|

ST wl el wth x#x! bt o) =CT0)
= C* ot ,‘47'0(;#(/\/6/ ’.'P/ (,,07( 0ﬂ}/ﬂ/e§/ o/gco,,/qZ/é
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Proof of Part (a) of KM Theorem URRG"

Claim (reminder): C is uniquely decodable —> Y 5 < 1.

N
P/oo‘g.‘ Le‘#‘ l( é;n\/ .
- 16| lct)l lety)| = 1CO) ) — 6]
> B 28 glewl). (T & = B
(xsﬂe > <>‘€’x >(2i (xké% %
(i) if X is finite: =Py = max [C6)| < o0 is el ~Aotrod 8 €on ée
x € ¢
- C* _L _ /< y.L_,
PR i il S B Skt = <y
x €Kk Szo xe€Y. =0 k o
=7 53 (Lewma) b 2
oy e
o k—> 00 ’
(i) if X is countably infinite: witheot vosiric lﬁ»« wssome X =N, JFr>l
- 0 M -1 C0)] ““\/\_/
e BN s g s 8 < >r =
xé'N N o= n>L *x=I _
/(Zp labed mC 5.2e n<2 = case () D////f?s
all teoms 20 = /(‘é{a/v/f// pmvff/m,’/ if "'Hv(‘«/ﬂn/ at ﬂ/( = way re ol €ovums mé,‘A»y%
Proof of Part (b) of KM Theorem “H%FSE‘F‘Q‘ i

[owL/aIL oFa 90/#"‘: elove
Claim (reminder): i< 1 = 3 B-ary prefix code @w1th |Ci(x)| = U(x) VxeX.

xeX ;# of [ v Hhrn below
Constructive proof: we show existence of C by showing how it can be obtained.

M Sorf S/ml?ozs‘ in % = ;X/ )(// X/: j S, (‘ /QKX) 2[6{/) 2%‘(//)2'“
,‘».,JL,‘,;([}E,Q 5%—1) 2
for each x €%¢ /a QLPVe afa/ér:

—JZ&)
oplete 5 <= 5-B
write 56[0/ 1D —ar/vg = (0. LZZ )
Se"L C(X) o Lt ,@(x) );/7[5 l)ewe —/(/ma/ with f‘/ar//zy 2eves 1 ”1?62554'7)

zlso osccsses case of

. Z// cotmbly) mEiulle
Claim: The resulting code book C; is prefix free (proof: Problem 2.1). ¢ Y x
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Example: Slmpllfled Game of Monopoly (SGoM) Ui

Qe E/Q

so “ b ‘3 (d
x | 4(x) Ci(x) Jas*m{(ﬂ? % g (i Lial: yabron)
2| 3 1 ® se 1-277 = (l.ovo), ~(0.001), =(0.}11),
5 & (o. HO)Z -~ (0. 0/)Z = (a,lo)z
3] 2 lo ® .
~ = (0.0 erocile algmd
4 2 0 [ @ S < (DIIOBZ (UG{)Z (O ’ ‘ W‘%’L\O{/% Stfl 9(
(o.01), ~(2.01), = (0.00), by desceadny £0x)
5 2 70 @ : o )Z ‘ Clnd{ vev, é/ %ua%
6 3 (o @ Sé—«(o.lll)z -—(0,00/)2 = (0. 110),  Cails

-2 (x ~2 _
» Check Kraft inequality for B = 2: % A = g3 320021 <1

» Question: how should we choose ¢ : X — N for a given probabilistic model p?
» optimally: via Huffman coding

» near-optimally: via information content (next part).
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Outlook UPOMNGER
» Problem Set 2:
» complete proof of part (b) of KM-Theorem

» implement Huffman decoder in Python

> Next part:

> theoretical bounds on the expected code word length L¢ (“The Bad News" & “The Good News")
» theoretical bounds beyond symbol codes: Source Coding Theorem
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Lecture 2, Part 2:

The Source Coding Theorem

Robert Bamler - Summer Term of 2023

These slides are part of the course “Data Compression With and Without Deep Probabilistic Models” taught
at University of Tubingen. More course materials—including video recordings, lecture notes, and problem sets
with solutions—are publicly available at https://robamler.github.io/teaching/compress23/.
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Recap: Kraft-McMillan (KM) Theorem VNIRRT
(a) V B-ary uniquely decodable symbol codes over some discrete alphabet X:

1 " . -
Z;em <1  (“Kraft inequality"). (1)
xe

(b) V functions ¢ : X — N that satisfy the Kraft inequality (i.e., > z < 1):
xeX

3 B-ary prefix code C; with |C(x)| = ¢(x) Vx € X.

» Question: how should we choose ¢ : X — N for a given probabilistic model p?
» optimally: via Huffman coding (problem: no closed-form solution)
> near-optimally (this part): via information content
spoiler: (s(x) := [— logg p(x)]
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Optimal Choice of / >4, 26) UNIVERSITaT
“0= 9,\ < Z B "I & Cans/vq,‘»;vL 6,’)

> €2
2L oL D 86
Wek g SAL o 22 — [
" 206) ool | &f/)

» Constrained optimization problem: (x)
> minimize: L¢, = Z p(x) | Co(x)| = > p(x) £(x)
XEX

(8—126())
. ) =pl) tA =
> constraints: (i) 3 g <1; (i) {(x) € N VxeX. W&) 2() 2B
xeX - F(Y) 4 (\ o)ﬂ{)() &
» Idea: relax constraint (ii): (OJ) =pld) -\ aB e '—/Q{k))/av\_/j\'
- 2l
> minimize: Ly := Y p(x){(x) =pbd ~ X248 B
x€x esolve Lor 2(x)- 6
> constraints: (i) > B/(x) < (ii") £(x) € Rsg Vx€eX. 20) = /g'% I;@
xeX
= yields lower bound.: solution L, of ((J) < solution L¢, of (%) L;, pl) + o8 =y (M05)

coblarn A Fom coushaint-
_ ~R6) sz —
=5 _Breﬁp@ M

=T

. . . TS 1
> Observation: solution of ([J) satisfies: (i') > 5 =1
» Enforce via Lagrange multiplier A: xeX

find stationary point of Ly := Ly + A(3_ 5im —1) wrt. AeRand all /(x) € Rxo Vxe€X.
x€X
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Lower Bound on Expected Code Word Length Lo Ui T

» Solution of relaxed optimization problem ((): /(x) = — |
p p (0): £(x) ogg p(x)

“information content of the symbol x"

> L, = Z p(X)f Zp |0ng (under model p and to base B)
x€EX x€EX

=:Hpg[p] (“entropy”)

» Let's now restore the constraints from (%), i.e., £ : X — N must be integer valued.
» Recall: solution L¢, of (x) > solution Ly of ()
» Thus, for all integer valued ¢ that satisfy Kraft inequality: L¢, > Hg[p]

» By part (a) of the KM-Theorem:

lower bound on the expected code word length L.
of any uniquely decodable B-ary symbol code C:
Lc > Hglp]
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Shannon Coding [Shannon, 1948] UNIVERSITAT

TUBINGEN

» Last slide: O tho bod ows”

> Lower bound for uniquely decodable B-ary symbol code: L¢ > Hgl[p] = — > p(x)logg p(x)
xeX

> We would achieve equality (Lc = Hg[p]) if we were able to set {(x) = —logg p(x) Vx€X.
¢N (i D)
in genera

» Question: How closely can we approach this bound? F1 donoles rovndivg up

» ldea: choose /s : X — N as follows: Es(x) = [—logg p(x)] bo meaest inforen

> Satisfies Kraft inequality: S B~/s() = S B-[-logsr()] < S~ Blogsr(x) — S p(x

xeX xeX xeX xeX
» By part (b) of KM-Theorem: 3 B-ary prefix code Cs with |Cs(x)| = ¢s(x) Vx€X.
> L= p(x)ls(x) = Z}EP(X) [~ logg p(x)] < ZXP(X)(* log p(x) +1) = Hglp] +1
S X€

xeX

» inshort: L¢, < Hg[p] +1 e 700,{ news'
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Symmary: Theoretical Bounds for symbol codes RN

» The Bad News: no (uniquely decodable B-ary) symbol code can have an
expected code word length smaller than the entropy Hg[p] of a symbol.

» The Good News: one can always approach this lower bound with less than
1 bit of overhead per symbol (e.g., by using the Shannon code Cs).

» Thus, the optimal code Cop (that minimizes L¢) satisfies:

(bt Fhis regu’ves tat
‘HB[p] < L, < Halp] + 1] <6 > ~Lagy pOD For
Sewme X' # % see oliscussion

o R I M~ th (?Ur!’m)

» Note: The above bounds are in expectation over all symbols x € X.

» For any specific symbol x € X, a code C can "violate the lower bound": |C(x)| < — logg p(x).
» But: Shannon code satisfies — logg p(x) < |Cs(x)| < —logg p(x) + 1 for each individual x € X.
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The Source Coding Theorem [Shannon, 1948] UNRRT &

> So far: theoretical bounds for symbol codes: | Hg[p] < Lc,, < Hg[p] + 1’

> Symbol codes are suboptimal. information cgntent of each 5)<I77b0/ Xi
> Always generate an integer number of bits per symbol. |”): o | ;; |
» Thus, overhead of up to 1 bit applies per symbol. ) Clx) Ca)

| <=1 bit —»| <1 bit —>|<—1 bit —>| <1 bit —|

» Practical solution: stream codes (Lectures 5 and 6)

» For theoretical analysis: consider entire message x € @ as a single symbol.
~ f/ﬂ(fh,‘/\eé/ @pr?e/v DYHV/QV(?VI /\70 e

set o o s mm megSeye ﬁ«?yy“ k

> Probability distribution p* on X* can be complicated, but we'll ¢, [3*| :/’X}b vs shill expanoutinlly

assume it has a finite entropy Hg[p*] = — >_ p*(x)logg p*(X).  lope => [ lliiar, ooct: ooty o
xeXx*

» New alphabet X* is still countable, thus theorems still apply.

tlis space would ke ag'ﬁmam'cq(é/ epesive,
= The optimal uniq. dec. code Cypr on X* (typically not a symbol code on X) satisfies: (uear

- $heam
‘ Hg[p*] < expected bit rate of Copr < Hp[p*] + 1 J codes )
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» Problem Set 2:

» simple examples of Shannon coding

» entropy and information content

» Next week (on zoom!):

» proof of optimality of Huffman coding

» machine-learning models for lossless compression (continued in Lectures 4 and 7-9)
» Lectures 5 & 6: beyond symbol codes: stream codes

» Lecture 11: theoretical bounds for lossy compression (“Rate/Distortion Theory")
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