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These slides are part of the course “Data Compression With and Without Deep Probabilistic Models” taught
at University of Tiibingen. More course materials—including video recordings, lecture notes, and problem sets
with solutions—are publicly available at https://robamler.github.io/teaching/compress23/.

EBERHARD KARLS

Recap: Why We Need Good Probabilistic Models "R

» Bound on practical compression performance: cross entropy

eXPeCted bit rate 2 H(Pdata (X), pmodel(x)) = = Z Pdata (X) Iog pmodel(x)

» Overhead due to pmogel # Pdata: Kullback-Leibler divergence (aka relative entropy)

Drt (Pasta(x) | Prmot(x) = H (paaia(x), Pocei()) = H [paaalx)]

» For low overhead, we need pmodel tO approximate pgata

» But so far: only simplistic pmogers that ignore correlations between symbols

» This part: mathematical language for probabilistic models
» Next part: information-theoretical quantification of correlations

» Then: machine learning models that describe correlations
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EBERHARD KARLS

Ingredients of a Probabilistic Model UGG

» sample space Q (abstract space of "all states of the world")

> subsets £ C Q: “events” (“event E occurs” <= “the world is in some state w € E")
ossetrally moaus U, #

» probability measure: a function P : ¥ — [0, 1] where i(ei‘ﬁ:zﬁ;d’"’ at

> Y is a so-called on Q. (a set of all “expressible” events E C Q)

P(®)=0 and P(Q)=1
oo o
» countable additivity: P (U E,-> =Y P(E) if all E are pairwise disjoint.
i=1 i=1

SR w @ et 50
k K &« E, =7 ¥i>k
therefore, for finite sums: P (U E,-) = > P(E) if all E are pairwise disjoint.
i=1 i=1

v

therefore: P(E) +P(Q\E)=P(Q) =1 VEcY. since €, E v [E;N &)
> therefore: P(E1) < P(Es) if E1 C B, (and 1,5 e 7)€ 1 E; S8
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EBERHARD KARLS

Examples of Probability Measures UTOBIRGER"

1. Simplified Game of Monopoly: (throw two fair three-sided dice)
> sample space: Q = {1,2,3}> ={(1,1),(1,2),(1,3),(2,1),(2,2),(2,3),(3,1),(3,2),(3,3)}
> sigma algebra: ¥ =29 .= {aII subsets of Q (including  and Q)}
> probability measure P: for all E C X, let P(E) := |E|/|Q| = |E|/9

T
’é“[(oﬁls cur ors}f,a/lhw
Hzml a/( cuG_Q hace efvﬂ?(
F,oLuL;{f'(? Siyee VL(Q o/:ce Q0 [q,'n
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EBERHARD KARLS

Examples of Probability Measures (cont’d) Ve

Simplified Game of Monopoly

2. Wait times for the next three buses from “Sternwarte”:{(a.% seasood 1o rintes)

> sample space (in a simple model): Q = {(x1,x,x3) € R> where 0<x3 <x < x3}

> sigma algebra: all “measurable subsets” of Q
(essentially, all subsets of Q except for extremely pathological exceptions)

» probability measure P: complicated function, but we know it satisfies certain relations, e.g.,
P(“next bus departs in at most 5 minutes”) = P(“next bus departs in at most 2 minutes”)

+ P(“next bus departs in between 2 and 5 minutes”).

» Question: what is the probability that the next bui ?ieparZs in exactly 3 minutes? 2
) 6 cccu/»mpus ;7/10 P((”n‘vjrﬂ{ )()..Q)"'f>0
ie., what is P(({3 mm} x R )mQ)X g {l\eh §€>o‘ s‘( P((fﬁixﬂz)nﬂ)>—— V)ré'[;ﬂ"'t R "g]"

jn 2/p, and 1 sk ot po
» Question: what is the probability that the néxt bus éepart?'lﬁ betaleen”27ar/(a 5 mlkrlmté; P ks € "E
> F((fo RYn2)

P(([2 mlr:i min] xR?) N Q) = P(ng(({;;iﬂxw%?’m;; 2 Z! 3 P((ba} x R)NQ) =0 _Z_P(@%xmz)m)

since L is net ﬂ»m‘-é} >__ "—1 P(ﬂ)
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EBERHARD KARLS

Random Variables N bRaET

» Often, we we're not interested in a full description of the state w € €, but only in certain
properties of it.

» Definition: “random variable": function X : @ — R (not necessarily injective)

Examples: /LM oo ke i Hlevan b valee (e
e/ R \Cw Some m/f-’;w o( or 9( \CVCMQ
1. Simplified Game of Monopoly; Q= {(a.b) where a be {1.2.3}} =<(qu1)9+ X & wesseye leaptt k
> total value: Xoum((a, b)) =a+b € {2.3.4.5.6}
» value of the red die: Xeq ((a, b)) =a
> value of the blue die: Xpiue((a, b)) = b

2. In our bus schedule model from before; O = {(x;. 50, x3) € R® where 0 < x; < x < x3}

» Time between the next bus and the one after it: Xgap((xl,xQ,X3)) =X — X1
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Properties of Individual Random Variables TUMNGEN

» “Probability that a random variable X has some given value x":
P(X =x):=P(Xx)) = P({w e Q: X(w) = x})

> Example 1 (Simplified Game of Monopoly): P(Xsum = 3) =

> Example 2 (bus schedule): P(Xgp = 20 minutes) = ; Mele
‘S evl

«
» When we write just P(X), then we mean the function that maps x — P(X = x).

(more precisely: P(X) denotes a probability measure on the space of X) & o the woms e o"[uz[

casSe

/
> Expectation value of a random variable X under a model P assiyus f,.,lul,'/;o(7 P(xeE)
( > discrete case: Ep[X] := 3 P({w}) X(w) = 3 P(X=x)x foanewat EEX(R)  olefinalon
Wmove 704(»»' 7 weQ

Va xEX(Q) 20t slidde
AR 3%( 02/;(,-,)%0 examples:  Ep[Xedl =2 Ep[Xouel =2 i Ep[Xaml =Y =E[%0 +><M]7_-\@[x 3 HETY, 7

[/ .
SF{[;J) d?{wmontinuous case: Ep[X]:= [o X(w)dP(w) (see next slide) £is a Cuanr "f”"’"""
Q
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Properties of Individual Random Variables (cont’d) i
» Cumulative Density Function (CDF): P(X < x) := P({w € Q: X(w) < x})
» Example 1 (Simplified Game of Monopoly): P(Xeym < 3) = F(er:2)+ Plx, -3)< -D'- +§:j2:3_|
> Example 2 (bus schedule): P(Xgs, < 20 minutes) € [0, 1] (nonzero in general)

» Analogous definitions for: P(X < x), P(X > x), P(X > x), P(X € some set), ...

» Probability Density Function (PDF) of a real-valued random variable X: (s 4 Hinens ;o)
p(x) == LP(X < x) (if derivative exists)
— expectation value: Ep[X] = [ X(w) dP(w) = 70x p(x) dx
(if a density p(x) exists) -

Move 7ﬂqwq( Jg\(\.‘ui"*en ot a PDF (DI/So ﬁar Af/h/ a'/’k"“'f‘fgf"“s)f
P is o PPF oF P i F E-ru‘(x)] :S'D[x) L) e Fwa[(('»'uwsz/m‘/ev Fonsolrones £
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Multiple Random Variables TUMNGER

» Definition: joint probability distribution of two random variables X and Y: y
. B L . B B agata, more ,ofac,'se :
P(X=x,Y=y):= P({w €Q: X(w)=x A Y(w)= y}) J PIXY) deaotes the pobabliy moesure

» Notation: “P(X,Y)": function that maps (x,y) — P(X=x, Y =x) j[‘&ﬁf;;/”ifﬁ”ﬁ%xggiggg)

(more precisely: P(X,Y') denotes a probability measure on the product space of X and Y) ¢o an e,,p‘,,éegxgz)kym)

» If we know P(X,Y), then we can calculate P(X) = Z P(X,Y=y) (for discrete Y)

Vs € X(): P(X=x) = Plwel:X(w)=x3) 7 Lo YL9) is fue
= P(UTweR: Xw)zx A Yl)=y3) 0 covanlly ifinile
7
- ; Plowed: Xl)=x AYl0)2y3)
ST 00 1) i sl e PO )

» This process is called “marginalization”.

> for continuous random variables: p(X) = [ p(X,y)dy
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EBERHARD KARLS

Statistical Independence pit e
» Definition: X and Y are (statistically) independent iff: P(X,Y)= P(X)P(Y)
(e, if P(XEX,YEY) = P(XEX)P(YEY) VX, Y)

» Examples (Simplified Game of Monopoly):

» X.q and Xy are statistically independent.
> Xed and Xeum are not statistically independent. (proof: Problem 4.1)

» Definition: conditional independence of X and Y given Z: see later

Robert Bamler - Lecture 4, Part 1 of the course “Data Compression With and Without Deep Probabilistic Models” - Summer Term of 2023 - more course materials at https://robamler.github.io/teaching/compress23/ |9

EBERHARD KARLS

Conditional Probability Distributions: Examples UROBNGE

‘“X & Y are not statistically independent"’ — ‘“knowing X reveals something about Y”’

Examples: (Simplified Game of Monopoly; P(E) = %)

x=[112|3|4|5|6

What are the (marginal) probability distributions P(Xed) P(Xea=x)=|1|%]2/0[0]0
i ively?
and P(Xsum) of the red die and the sum, respectively? P(Xum=x)= 0|} 2]1]2]1
Assume that you only accept throws where the red die comes popaEa
up with value 1, and you keep rethrowing both dice until this
. i
condition is satisfied. What is the probability distribution of P(Xaum=x|Xea=1) = | O 3 L2 ol o
Xsum in your first accepted throw? We call this the 32
conditional probability distribution P(Xsum | Xieq=1).
Now you only accept throws where the sum of both dies is at [aEe
P(Xied=x | Xsum>5) = @o|lo

least 5. What is the conditional probability distribution of Xeq? (Xrea =x | Xeum =5) = | 0 Y ?,’ °
Finally, assume you only accept throws where Xpj,e = 1. P(Xea = | Xopwe—1) = GPDL”'?B ololo
What is the conditional probability distribution of Xeq? red = blue™ 2/ =333
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Conditional Probability Distributions: Definition Ui
» Definition: “conditional probability of event E; given event E;": P(E;| E;) := P(‘,:,E(lg?)

> Thus, P(E;| ;) is a (properly normalized) probability distribution w.r.t. the first parameter,
P(E2NE) + P((Q\ E) N E) _ P(E1)

ie., P(E2| E1)+ P(Q\ B2 | E) = P(E) P(E1)

=1

» Definition: “conditional probability distribution of a random variable Y given another

random variable X": P(Y | X) := P,Q(%) e, P(Y=y| X=x) = PEY A gy

> Thus, if X and Y are statistically independent (but only then!):

P(Y|X) = PE,)&\)/) = P();,)()F;gy) = P(Y) (“knowing X reveals no new information about Y")

> In the general case: “chain rule” of probability theory: (follows directly from above definition)

P(X1, Xo, Xs,..) = W Pxy 1%, %) ..
= Plx,, ;)
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Conditional Independence UNIVERSITAT

TUBINGEN

» Reminder: X and Z are (statistically) independent <= P(X,Z) = P(X) P(Z)

» Analogous definition:

‘X and Z are conditionally independent given Y <= P(X,Z|Y)=P(X|Y)P(Z| Y)’

» equivalently: chain rule simplifies:
P(X.Y,Z) = P(X)P(Y|X)P(Z|X,Y)=P(Y)P(X|Y)P(Z]Y)

G202

n .
6%& 0/05 ot exist if }(,? ace cond, lwi/p/g' ?;l,pq Y

» Problem Set 5: comparison to normal (i.e., unconditional) independence

» Problem Set 10: propagation of information along X — Y — Z ("l processing ;Mefml'fvﬂ
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Warning: Conditionality # Causation UNIVERSITAT

TUBINGEN

» We'll often specify a joint probability distribution as, e.g., P(X,Y) = P(X) P(Y | X).

» But just because we write “P(Y'| X)", this does not necessarily mean
that X is the cause of Y.

» Example: (Simplified Game of Monopoly):
»  X.q and X, can be considered to cause Xsym.

» But, in the examples three slides ago, we were still able to calculate, e.g., P(Xeq | Xsum)-
(i.e., the probability of the cause Xeq given its effect Xsym)

PCot X0 Plxus X,o) _ P(Xed) PG| Xe)
P[X,W{IXSM>: . = 4 =
P(xswvﬂ) x; P(Xre.(;""/ XSM«) %; P/kﬂ/ :7‘,) P[vaw‘ 1 Yu/: 7")

— This is called “posterior inference”. (more in Lectures 7 and 8) (o ,(B"'/esf‘ow; ;14’”’4639

» Causality goes beyond the scope of a probabilistic model;
understanding causal structures generally requires interventions in the generative process.
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TUBINGEN

» Problem 4.1: probability measures & statistical independence

» Next part:

» information-theoretical quantification of correlations

» machine-learning models that can capture correlations
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Lecture 4, Part 2:

Mutual Information and Taxonomy of
Probabilistic (Machine-Learning) Models

Robert Bamler + Summer Term of 2023

These slides are part of the course “Data Compression With and Without Deep Probabilistic Models” taught
at University of Tiibingen. More course materials—including video recordings, lecture notes, and problem sets
with solutions—are publicly available at https://robamler.github.io/teaching/compress23/.

EBERHARD KARLS

Recap: Random Variables, Conditional Probabilities "R

» Random variables: (uppercase letters X, Y, Z. .. .)
» Think “placeholders” for values: P(X;) is a probability measure for symbol X;.
> P(X=x): probability (€ [0,1]) that the random variable X assumes value x.
> Expectation value: Ep[f(X)] =3, P(X=x)f(x) (discrete case)

» Multiple random variables:
> joint distribution: P(X,Y) P(x)= ; PCX, Yy)
» marginal distributions: P(X )L P(Y) & P(Y)= 20 P(X=Y)
» conditional distribution: P(Y | X) = PX.Y) (“ﬁow is Y distributed if | know the value of X?7")

P(X) f_P,’ /coww.'nf Xo!l'es wat ée/(
» Statistical (in-)dependencies between random variables:  «e auy Ly wboot

» (unconditional) (statistical) independence: if P(X,Y) = P(X)P(Y) (<= P(Y|X)=P(Y))
» conditional independence: if P(X,Z|Y)=P(X|Y)P(Y|Y) (<= P(Z|X,Y)=P(Z|Y))
‘e, if Lal-ead, kuow ¥ thon the
ddd fval knilodye of X does actiel( e ey tity
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» Goal now: quantify statistical dependencies

EBERHARD KARLS

Quantification of Statistical Dependencies VUGN

» Use information theory:
» information content of the statement “X = x": - - P[X:?‘)
> entropy of a random variable X under a model P: Hp(X) := EP [“@z P[X:)v)

> analogously: joint and conditional information content and entropy (see Problems 4.2 and 4.3).
- o(aﬁ,,;/%n; qre S Jov 'J ex/noc‘l/ BJ’ /)wfw ‘;es aee Smew‘m)l s./H‘/e

or\l‘(”‘«{(, o 0,,/@,,(” Entropy is subadditive: V random variables X & Y Hr(X) § oY)
bif rete B(i HP((X> Ym<@x) + H@ (proof: Problem 4.4) Hp ((X,Y)) Ip(X:Y)
oplimel expocted bif : : o Hp(X) Hp(Y|X)
rule iPue tgnore > equality holds iff X and Y are statistically independent )
coveelalmns Léwooy XY (proof: Problem 2.3 (b)) ’
(> boblem 520)) Al L)

» Thus: wrongfully assuming independence (to simplify
a model) leads to an overhead in bit rate:

Def. “mutual information™: |Ip(X; Y) := Hp(X) + Hp(Y) — Hp((X.Y)) > O’ (Problem 4.4)

(figure adapted from MacKay book)
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EBERHARD KARLS

Modeling Statistical Dependencies TONGEN

» Assume that the message is a sequence of symbols: X = (X1, X, ..., Xk)
k
» Subadditivity of entropies: H(X) < Z H(X;)
4 —

i=1
j L) oEL
OP )mq(' QXfOo ”/ of+h4"4é QY/?CL»/ L/VL m/e ;10 we Moa/QL

b;u V‘lle, T 2 vse eLLo— S ”Wée[ Zye L\‘7 VlB{K /\,Z'Q[/ /a é fh_/éﬂﬁ
/' S agc ) S rs / /
oa re ‘EC Mmoo gL (Ijmpf; r,‘,}/@y‘ 5.2 (p{))

» Thus: instead of modeling each symbol X; independently, we should model the
message X as a whole (without completely sacrificing computational efficiency).
> autoregressive models (e.g., Problem 3.3)

> latent variable models (planped-forProblam Set6: also: basis for variational autoencoders)
Leotuwes Z+5 Rleckore 4
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EBERHARD KARLS

Probabilistic Models at Scale RN A

» All probability distributions P over messages X = (X1, Xy, . .., Xk) satisfy the chain rule:
P(X) = P(X1) P(Xz | X1) P(X5 | X1, X2) P(Xa | X1, X2, X3) - -« P(Xic [ X1, Xa, ..., Xk1)

PR OO0

» Example: assume each symbol is from alphabet X = {1,2, 3}.

» How many model parameters do we need to specify an arbitrary distribution P(X1)? —>Z
(o por symbl x €% to specrks PX>x) bt P(k=3)=1-P(x=)) -P(X=2) cou ke nferronl Gy gomra (i foon)
» How many parameters for an arbitrary conditional distribution P(X; | X1)? —>2x<2=¢
2. )0441»619‘/66' as q}»ve Pef 0(%&/'(1?% P[XLIXFX‘) V)'l €%x k
» How many parameters for an arbitrary conditional distribution P(Xj | X1, Xo, ..., Xk)? —7 O(/'{’W )
EXPoNENTIAL D
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EBERHARD KARLS

Expressive Yet Efficient Probabilistic Models VTOBRGEN

» Goal: Find approximation to arbitrary models P(X) that

» captures relevant correlations

» but is still computationally efficient:
— reasonably compact representation of the model in memory
— reasonably efficient evaluation of probabilities P(X = x)
— suitable for entropy coding (later)

» General Strategy: enforce conditional independence:
X & Z are conditionally independent given Y <= P(X,Z|Y)=P(X|Y)P(Z|Y)
<~ P(X,Y,Z)=P(X)P(Y|X)P(Z|Y) (proof: Problem 5.1 (a))

X
D)

Robert Bamler - Lecture 4, Part 2 of the course “Data Compression With and Without Deep Probabilistic Models” - Summer Term of 2023 - more course materials at https://robanler.github.io/teaching/conpress23/ |5



Four Kinds of Scalable Probabilistic Models

(1) Markov Process

===~

EBERHARD KARLS

UNIVERSITAT
TUBINGEN

(2) Hidden Markov Model
® & ® ®
&)

OB

(Opart of the message (“observed”)

Onot part of the message ( “latent”)

(3) Autoregressive Model

00D

(O part of the message (“observed")

Ode(ermumsmc function of its inputs

(4) Latent Variable Model

TE O B

(Opart of the message (“observed")

Onol part of the message (“latent”)
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(1) Markov Process

EBERHARD KARLS
UNIVERSITAT
TUBINGEN

Modeling assumption: symbols X; are generated by a memoryless process.

» Each symbol X; depends on its immediate precessor X;_; but not on any earlier symbols:

A
XQX:\gN
@xﬁ

| P(X) = P(X1) P(Xo| X1) P(Xs] Xo) P(Xa | Xs) - P(Xec| Xic 1) |

» e, forall j < i, the symbols Xi 1 and Xj are conditionally independent given X;.
[;.ﬁ we vle e same Cﬁa’r‘:‘fnq( a/fs/ﬂLuln»y P[*,-,,, /,\:) Vv
© only O(k|X[?) (or even O(|X|?)) model parameters;

@ simplistic assumption; e.g., in English text, the string “the” is very frequent.

= Pclata(Xi = ‘e’

X,'_Q:‘t,,X,'_]_:‘hv) > Pdata(X,-:'e' | X,'_lzlh') (i.e., not cond. indep.)
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(2) Hidden Markov Model

EBERHARD KARLS
UNIVERSITAT
TUBINGEN

Modeling assumption: there is some memoryless hidden process, which is observed indirectly.

w G O ®

OO

K ”Q.L/// s ar ’%.‘p/,/p,, /:- o /e[q’((PW é0 eu'("a//)

Q part of the message (“observed")

O not part of the message (“latent”)

)
]

k

P(X) = / P(X,H)dH with P(X,H)= P(Hy)P(X1|H) H P(H; | Hi—1) P(Xi| H})

=2

© can model long-range correlations, i.e., Xj, X;_» not cond. indep. given X;_1 (exercise);

@ bit-rate overhead: in order to model P(X;|H;), decoder has to first decode H;, even
though it's not part of the message (solution: “bits-back coding”, see Lecture 7).
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EBERHARD KARLS

(3) Autoregressive Model —> see F-tlan 32 URENGE"

Modeling assumption: memoryless hidden process with (typically) deterministic transitions;
but: transitions are also conditioned on the previous symbol. < 4. ...,

mode( woulof
) @ A
. Q part of the message (“observed") tactorz oo
: .\\g& <>deterministic function of its inputs
( %: —\> > —»‘@ coo—{>

k
P(X) = H P(X, ‘ H,) where H1 = fixed; H,' = f(H,',l, X,',l)

i=1

[q[g, qu +S3u@ 'gﬂ‘f
Mackos cn D biedoe
© encoding & decoding are not parallelizable (= slow on modern hardware).”  aleos vometels)

© no compression overhead for reconstructing H; (see Problem 3.3);
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(4) Latent Variable Model VRN

Modeling assumption: there is some unobserved higher level of abstraction Z.

O part of the message (“observed")

O not part of the message (“latent”)

QOROMORINO

P(X)—/P(X,Z) dZ  where  P(X,Z)=P(Z)[] P(Xi|Z)
fi=ll

==

© can model long-range correlations (see Problem 5.2 (c));
© parallelizable;

@ bit-rate overhead for encoding Z (solution: “bits-back coding”, see Lecture 7).
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Summary: 4 Kinds of Scalable Probabilistic Models "

» Each architecture makes different assumption about conditional independence of symbols.

(1) Markov Process (2) Hidden Markov Model
®—'®%® @ @ @ @ (Opart o the message (“observed”)
w —(— *@TD gt ()

(3) Autoregressive Model (4) Latent Variable Model

@ @ @ @ e (O part of the message (“observed") a
LI (O part of the message (“observed”)
) Odelevmimsuc function of its inputs

@ ‘® @ @ @ @ @ @ @ @ (Dot part of the message (“latent")
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Outlook

» Problem Set 4:

He(X) | Hp(Y)
Hep((X, Y)) Ip(X;Y)
Hp(X) Hp(Y|X)
Ip(X;Y)
Hp(X|Y) Hp(Y)

EBERHARD KARLS

UNIVERSITAT
TUBINGEN

» Now and next 3 lectures: lossless compression with deep probabilistic models

» Different model architectures require different entropy coding algorithms.

» Afterwards: Lossy compression
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