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Recall From Last Week: Stream Codes RN A

information content of each symbol x;

¥ wnhoa/l N\ I ovechead I)\ ovechoa
Symbol codes: | x1 Loxp X3 Re((x1, x2, x3)) = 4 bits
C(Xl) C(Xg) C(X3)
ovehond
Stream codes: X1 X2 E X3 Rc ((Xl,XQ,X3)) = 2 bits

| <=1 bit = |<—1bit —>|<«1bit—>|<1bit—>|
» Reduces overhead from < 1 bit per symbol to < 1 bit per message (in theory)

» In practice: larger overhead due to finite precision & technical limitations (more on this
today), but much smaller than for symbol codes
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Recall: Arithmetic Coding & Range Coding RV
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message x € X?
» Simple algorithm in principle: iteratively refine interval [P(X<x)7 P(ng))
» Tricky to implement in practice (finite precision arithmetic, edge cases)

» Operates as a queue: “first in first out”
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Recall: Probabilistic Model Architectures N

(1) Markov Process (2) Hidden Markov Model
@—R—®—@——® ® ® © P
‘ ‘ ‘ ‘ A’é Onot part of the message ( “latent”)

aos wep L‘

(3) Autoregressive Model (4) Latent Variable Model &~ vs—y pal*y;y
we

® ® ® ©® @ e o
f the “ob: d” e
FES Opart ofthe mesage “oservet’) (Opart of the message (“observed")
° Odelevmimsuc function of its inputs
@ ‘® @ @ @ @ @ @ @ @ Onot part of the message (“latent”)

» Problem 7.3: use range coding for our autoregressive model of natural language
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Positional Numeral Systems °r““#( yoehe l;ogfo 94 UL
.uplh cad@
Consider a data source that generates a random message X = (X1, Xo, ..., Xk) of length k;

symbols are i.i.d., with each X; uniformly distributed over X = {0,1,2,...,9}.

(a) What is the entropy per symbol? & Hp[X] = Hp[X]] = £ [‘ﬂ’?z P[X,:»;)]: E,,[-/@z,—'; :E7 (10)=332
(b) What is the expected code word length of an optimal symbol code for this data source?

I’lé’/”g'} )c 3y 0/7 /-S
LCopt symbol code * ]EPUCopt symbol code( )H —3 q (926 H‘Jg“"qﬁ +VZQ aéwe) M“m J't‘»')[‘iv:v&
1 Com ”
(c) Can you do better than an optimal symbol code? Describe your approach f|rlst o ey
allow
then |mp|ement it in Python| or in[pseudo code]c————euade (x): uos‘,‘?}; o’eow'/e (n).
noxt slide —7 Don't think about arithmetic/range coding; it's much simpler. '“'“‘32 v while n#|:
‘ror HER N S /‘gi,’ em;'f g/,.,é,(”m,j!e
» About 4 lines of code for encoding + 4 lines of code for decoding; pdale nntl0+ X, dede w & /o)
no library function calls necessary. veborn la;w/_m,:(n) 1

(d) What is the expected bit rate per symbol of your method from part (c) in the limit of "MMH@
long messages? ILm 1 2 Ep[Rc,,. o(X)] A,Qom RC ((935 ‘5)) ,Zm {“’V%ﬂ’nm/._rp/ (Iaﬂj 7))"
> 2
(9 it (ogs c../c,,/,,,/-/»y, Po, [M/,L,,,,,./ é_%m &‘ Je (x)J ktws :&’_‘ kg,’z{'z*/o -1+]] g <,aw.,\ (;,.1@7!)041) Ly lo
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Positional Numeral Systems: Implementation VTOHRGEN

» Implementation in Python:

def encode_uniform(message, base=10):
number = 1

uwe e»u\a-»/é S/L/mL/ ,(,7 vevers@

e
for symbol in reversed(message): oo bore so Hﬁ% Hae D/OCoo/pr
number = number * base + symbol [oe ow récong 7L/¢/c9[g ;-Clem /n

return number Nov m q 0/0/0/'

&S, C 2 S
def decode_uniform(number, base=10): _7f silonal wonmo q(S Sém

while number != 1: bebwve (ke o shack (“last
yield number 7 base i vC:fs‘;oo‘?”Q
number //= base

» Usage example:

compressed = encode_uniform([3, 5, 6])
print(bin(compressed)) # Prints: "0b11001110101"
print(list(decode_uniform(compressed))) # Prints: "[3, 5, 6]"
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Observations About Positional Numeral Systems

» encoding & decoding operates as a stack (“last in first out”)

» encoding amortizes bit rate over several symbols (# symbol codes)

wa,f,é’ﬂ"d:v{él»eq print(bin(encode_uniform([3, 5, Y)) # Prints: "0b1101101470p1"
3 Ls :/ . print(bin(encode_uniform([3, @]))) # Prints: "0b1100111b101"
“2’:}40 7" AfLeg print (bin(encode_uniform([3,"@) 6]))) # Prints: "0b110011010111"
s o
7"4

» positional numeral systems are an optimal lossless compression methods if:
(i) all symbols are from the same (finite) alphabet X
(i) all symbols are uniformly distributed over X

(iii) all symbols are statistically independent

» Goal today: remove constraints (i) and (ii)

» Goal next lecture: remove constraint (iii) —= 4/ [ L il "
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Limitation (i): symbols from different alphabets "
Not a real limitation: just make base position-dependent: Usage example:
class UniformCoder: coder = UniformCoder()
def __init__(self, compressed=0):
self.compressed = compressed coder.push(6, base=10)
coder.push(13, base=16)
def push(self, symbol, base): coder.push(7, base=8)
""MEncodes a symbol from alphabet {0, ..., base-1}.""" print(bin(coder.compressed))
self.compressed = self.compressed * base + symbol # Prints: "0b1101101111"
def pop(self, base): print(coder.pop(base=38))
"""Decodes a symbol from alphabet {0, ..., base-1}.""" # Prints: "7"
symbol = self.compressed 7/, base print(coder.pop(base=16))
self.compressed //= base # Prints: "13"
return symbol print (coder.pop(base=10))
# Prints: "6"
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Limitation (ii): Non-uniformly Distributed Symbols "

» Consider a single symbol x;

» Step 1: approximate P(X;) in fixed point arithmetic:

( _ W,'()‘;) W[tére h :Zf’e";s‘.o"l s a pwts o’lt Z_ (w; [( vaome U:e‘)[;z (%Ptﬂ')
pr)— n ard the in 03 m;[x;) gqug'[} > w,/x,-):ln and a-ecloso, sud )‘(,/Q[X;);\;F/Xi]

;€&

> compression overhead: D,(k ('D(X/) Il Q[X)) (as/,«/,l:/,;./} J?cq/y)' g;fanmbw/}, .

a /”éc?ghm)

» Step 2: interpret Q(X;) as the marginal distribution of a /atent variable model:

_ -l . (%7(>‘))>’;€%‘ o /am"wise v/ffjafﬂ[
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Limitation (ii): Non-uniformly Distributed Symbols

>
>
>
>

Consider a single symbol x;

Step 1: approximate P(X;) in fixed point arithmetic:
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Step 2: interpret Q(X;) as the marginal distribution of a /latent variable model.

Step 3: Bits-back trick:

> {mj(x;)} partition the range {1,2,...,n— 1} into |X;| non-overlapping subranges 3;(x;):

Xi

il S | L1

HU(0)4—HW(1)

‘i.
mI(O) n—1

> Naive idea: encode arbitrary z; € 3;(x;) —313}0[”@; P@z&[«zﬁz,.) —'/@jz n = fré:is,‘gw, Ms P 5/--5-( @

> Better idea: piggy-back some information into choice of z;

by decoding z; from previously encoded data, using a uniform model over 3;(x;)~» comssmes %zlzi(")/:&-“t/*) 4.’4

— "“bits-back trick” (more general discussion next lecture)

@”llé""lfﬂé: %}zh “%ZM;/)S.): M/&
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(Slow) Implementation of ANS in Python = <=
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class SlowAnsCoder:
def _

(/q,'pwm p, ;{,:L_

def push(self, symbol, m):

def pop(self, m):

def get_compressed(self):

_init__(self, precision, compressed=0):

P'D"C C"'”p/"‘f) EBERHARD KARLS
UNIVERSITAT
TUBINGEN

,Trlg 61

pre (em S

Usage example:

self.n = 2*xprecision # ("*x" denotes exponentiation.)
self .uniform_coder = UniformCoder (compressed) # See slide 7.

# Encodes one symbol.
self.uniform_coder.pop(base=m[symbol]) + sum(m[0:symboll)

self.uniform_coder.push(z, base=self.n)
m

# Decodes one symbol.

z = self.uniform_coder.pop(base=self.n)

# We use a very low precision
# here for demonstration purpose;

precision = 4
[7, 6, 31 # (Sums to 16 =2%*.)

coder = SlowAnsCoder (precision)

uf@ CaU[r/w[go use

a

Qb )x =
a2 =75
b p{/)efc,h,f

s
©

)

7

# real deployments should use H,,‘g mMeH1S !
# higher precision. Sy
S P Qx=0)= 75 =

1€

# I;ind the unique symbol that satisfies z € 3,(symbc;1) coder.push(0, m)
# (using linear search just to simpls exposition): :
for sym‘gol, m_symbol in]enumerate(ri):fy Y coder.push(2, m) } modol Co’ﬁ:ji? Ltbol as ("7
if z >= m_symbol: coder.push(l, m) as R use \7 “"‘P/I[S ﬁqr
z —= m_symbol print(bin(coder.get_compressed())) V('wjy be/"“"
else: # Prints: "0b101000"
break

return symbol

print(coder.pop(m)) # Prints: 1
print(coder.pop(m)) # Prints: 2
print(coder.pop(m)) # Prints: O

return self.uniform_coder.compressed
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Streaming ANS

Robert Bamler - Lecture 6, Part 1 of the course “Data Compression With and Without Deep Probabilistic Models" - Summer Term of 2023 - more course materials at https://robamler.github.io/teaching/compress23/

> SlowAnsCoder is slow (run-time O(k?))
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» Idea (“streaming ANS”): operate mostly on a compressed representation with finite
capacity. If it would overflow, push an integer number of bits to a growable buffer.

bulk

precision

precision precision precision

precision

T head |

precision precision

Each red “?" represents one bit of compressed data.
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Empirical Compression Performances: bit rates UTOBIRGER"

Asymmetric Numeral Systems (ANS) Range Coding (RC) & Arithmetic Coding

precision/word_size /head_capacity:

R g TEY h : > b2 + 2473264 (‘default” preset)
Yh¢t Y $>r - oy Y K Bt . .
N . < 32/32/64
16/16 /32

v 12/16/32 (“small” preset)

Arithmetic Coding
(AC; using arcode crate)

overhead [bits per symbol]

----- 1 % relative overhead

. . . . 1B : 2 o -.'k by .\ 3 --- 01 % relative overhead
1073 1072 107! 10° 10! 1073 10~ 1071 10° 10!
entropy [bits per symbol] entropy [bits per symbol]

[Bamler, arXiv:2201.01741 (2022)]
vsos A/\/S £ vang e 070/‘-7/ v‘"”/ﬂ@“ﬂn'/"{""' Fron
I(C'onsvlﬂ‘f/‘/‘l’"l ! [7Lﬂ¥’ g Wlnrl' fov'/( Q[So vse oA (ht@l'
{)foL/éM s‘el(y (soLnr;(zy with Problomn 73)
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Empirical Compression Performances: run times TUBIRGEN"

Asymmetric Numeral Systems (ANS) Range Coding (RC) & Arithmetic Coding

T
precision/word_size / head_capacity:
o 200 + 24 /32 /64 (“default’ preset)
ET < 32/32/64
Eg 100} 1F )/X E /
SE ' 16 /16 /32
gg XX/V v 12/16/32 (“small’ preset)
g 40 RS R
& ' B Arithmetic Codi
o= T T TR TR rithmetic Loding
20 wwmm R -.;Mm (AC; using arcode crate)
L L L L L L L L L L
T T T T T L TR TISK L™ T T i .
R = % 1 Decoding with tabulated
40 X ) entropy models:
2 XERK R R K
§§ XX XA X 16/16/32
*g e 20 v 12/16 /32 (“small” preset)
5w
28 10t 1t E
< B 3 v
°= 5 ( ’
X . . . 10 . . . [Bamler, arXiv:2201.01741]
1073 1072 107! 100 10t 1073 1072 107! 10° 10t
entropy [bits per symbol] entropy [bits per symbol]
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» Problem Set:

» Prove correctness and analyze compression performance of our SlowAnsCoder implementation.

» lllustrate an example of streaming ANS.
» Next Lecture: revisit & generalize the bits-back trick

» Afterwards: use ANS for (net) optimal lossless compression with latent variable models
(e.g., variational autoencoders)
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