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Recall: Bits-Back Coding & Latent Variable Models "}
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> Latent variable model: P(Z,X) = P(Z) [ [ P(Xi|Z)
i=1
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» Encoding a message x & side information s € {0,1}":

1. z < decode from s with ANS using posterior P(Z | X=Xx). € cousvres "ﬁ?; Plz=2lX= x) biks
2. Encode x using likelihood P(X|Z=2z). C-—r"”/‘/cﬂs */Qﬂj,_ F[)_(:z 12 :g) b te
3. Encode z using prior P(Z). G’(’M/wes Loy, P(Z=2) bils

» Net bit rate: R"™(x|s) :-%ZP[XZZ 18=2) - Sog, P2 =3) *@z P(X'=x @"%):v@ﬁ K =)

> optimal & independent of s = justifies our use of posterior P(Z | X=x) in step 1.
CCM/:MAM {c,,“'

0 (67/0/%))

» Problem: calculating the posterior (“Bayesian inference”) is often infeasible:

P(Z.X=x) =2z, X=x) if Z is discrete; ’1':;’””“"[ [7
> P(Z|X=x)=—2——- where P(X=x)= or s
P(X :X) “T\,\/ p d FZi .
~Log PlX=x) =" velence (z,x)dz if Z is continuous.
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» Problem: calculating the posterior P(Z | X=x) is often computationally infeasible.

» Idea: use a different distribution Q,(Z) instead of the posterior.

1. Consider the space of all probability 1 true posterio,
distributions over Z. &P{élxﬂ—‘?

(imaccess:ble)

2. Choose asubspace Q of “simple” distributions™™ | -~ fr,(;,.,:n:.,.m &) ,/zé..pe

W

— eg., if Ze R choose Q :={Quotyocre L /%)
d

with PDF q,.»(z) = [[ N(z;; i, 0?)
i=1

— general notation:)‘Q¢(Z)
ool bbbl e
3. Find optimal variational parameterssuch that Q4-(Z) = P(Z|X=x) for a given message x.
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Bits-Back Coding With an Approximate Posterior ‘i

» Encoding a message x & side information s € {0,1}" (copied from first slide):
1. z « decode from s with ANS using posterior PIZAX=X]. Q‘, (?) & contsumes ‘/Qa71 &¢ (f-‘g) ))ﬁ'

2. Encode x using likelihood P(X|Z=2z). /U o P2 =, )( >x) biks
<@s —,Q7
3. Encode z using prior P(Z).

——

Rt (x |s) = — log, P(Z:z, X =x) + log, Q@(zzz)’

» Net bit rate:

> Naive idea: find:: arg m;n Rget(x |'s); then run above encoder using model Qy4-(Z) in step 1.

N
» Decoding: ¢* oéafmwé on bthx wads heoe..

1. z «+ decode using prior P(Z).
2. x < decode using likelihood P(X|Z=2).
3. Encode z using approximate posterior Q¢ (Z) to reconstruct side information s.
Problem: ¢* depends on s. Jeca/p/ bas €0 use swwe ¢ thaf eucods, u;é./ bt Fhat
= cyclic dependency e o[e,nea‘/n/ow s, whib He decodes ovt// ge'(s once if bnous ¥,
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» Idea: minimize the expected net bit rate for random s (but still for a fixed message x):

0" = argmin <Es [RIe(x| s)D = arg min (Es[ ~ logy P(Z=2,X=x) + log, Q¢(zzz)}>
IR réstar- A/ MD'/
» What is the distribution of the bit string s? P 7;;74 fjﬂ btw 0;?
> Generic argument: we have no idea = uniform distribution gvr lack of k ,,‘,W(P/ﬂ

» Example: assume s is the compressed representation of some previously encoded data.

>3 Cﬂ"-’ )72 ‘["w'%ér CM'/'ZSS?/ >3 LWB "'l'pW"ﬂq"”“t Cvn“%?“ /S/ (’ m[(‘A §' e -u/ﬁbf‘\
D[w’{ lwug m‘gzvm- (’0"4!9 ’( /Q¢7z P(g S) 1 L ’L % P[S’ S) -~ ’ S 5{0 /3
» What distribution does this induce for z?7
> Assume decoding with model Q4(Z) results in a value z. = Cosume $ ‘972 %[51_2) hiks From 5
» For an optimal coder, only 1 bit string corresponds to z. %; §(2=)
= probability that each one of the —log, Q4(Z=2) consumed bits matches: ( > -61¢ (ésg)

sampling from the same
probabilistic model

Decoding from a uniform random bit string with a code
that is optimal for some model probabilistic model
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» Minimize the expected net bit rate for encoding a given message x:

¢* = arg m|n IEO[ R (x ] s)} = arg m¢in E [ — logy, P(Z,X=x) + log, Q¢)(Z)}

Same ?K:v/ﬂ?f

» In the (non—compressmn) ||terature, one typically maximizes the negative net bit rate:
¢* — argmaxELBO(6,x) where ELBO(6,x) EEQ [log P(Z, X =x) — log Q,(Z)]

» Problem 8.1: derive and interpret three equivalent expressions for the ELBO:
» maximum a-posteriori (MAP) + entropy: ‘ELBO((b., x) = Eq,(z)[log P(Z,X=x)| + Ho,[Z] ’

» regularized maximum likelihood: ‘ELBO(q&,x) = ]EQw(Z)[Iog P(X=x|Z)] — Dx(Qs(Z) H P(Z)) ’

> evidence lower bound: ‘ELBO(@*., x) = log P(X=x) — D« (Q4(Z) || P(Z | X=x)) < log P(X:x)’

= Qp+(Z) minimizes KL-divergence from true posterior = “variational inference” \ "eviolouso?
|
I lowe. Law{”
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How Can We Maximize the ELBQO? R

ELBO(6,x) ‘= By g, [((¢,%,2)]  where (¢, x,2) = log P(Z=2, X=x) — log Q,(Z=2) ’

» Goal: find ¢* := argmax; ELBO(¢,x) (or at least an approximate maximum).
» Gradient Descent: (technically here: gradient ascent) M"__; Ea‘f(_g) ['QM/’I, E‘)] é//;m// o, #

1. initialize ¢ < random - L y / i
2. repeat: o calculate gradient g = V4 ELBO(¢, x) / ioe ;(C" AZZ; }::'LI\"’ iéé(es_f(" 7
(20 e?f f)/u (1§ a0 , ‘" ?,,

o update ¢ + ¢ + p g with some “learning rate” p > 0 ol .
» Stochastic Gradient Descent (SGD): the naive way m'kf g%’;”"““? et by ologp nevl
nehvords))

1. initialize ¢ < random K Ao . ( . )
2. repeat: o draw a random z ~ Q¢(Z) llow : ve/a de omv;[/}l‘: mle;fmllfm over 2 L;/ 94@-«//17.

o calculate gradient estimate g(z) = V4 4(¢,%,2)
o update ¢ <+ ¢ + p g with some (decaying) learning rate p > 0

» Problem: SGD only works if g(z) is an unbiased gradient estimate: if Eq,(z) 8(2)] =&
> But we have: Eq (z) (8(Z)] = Ea¢f§) (% Q[d’,r‘;,?)j prodect role
and: & =V Ea gy [£04,5,2)] = B F Slte) £04,2,2) = 70 (BUe-2) 26 x,2) + [?/?)]

e 4’¢(2~)
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Black-Box Variational Inference (BBVI) UNIVERSITAT ' G5t oo

» Problems 8.2 & 8.3: derive 2 unbiased gradient estimators for variational inference:
(8.2) Reparameterization gradients: [Kingma and Welling; 20 €7, Scoles £ SQ:NS Qo[%? Fo ol 8.2_(»/))
In SGD, express z ~ Q4(Z) as z = where € Ne—iweelao»./ﬂ.)l of ¢
— 8= Vs E,q,2)[U:%,2)] = Vs Eeqy [0, %, F(€,0))] = Eengy[ Vo (&, %, (€, 0)) ]
~_ _A

© Typically low gradient variance Eq z)[(8(Z) — g)?] = fast(-ish) convergence of SGD.

(<) Doesn't work for discrete Z (without an additional approximation called “Gumbel-softmax").

(8.3) Score function gradients (aka “REINFORCE method"): [Ranganath et al., 2014]
8(2) = (Vylog Qy(Z=2)) ((},x,2) &— rmw" Haot Hhis is an whisad grodint eslimde: Poblan 2.3

() Typically higher gradient variance than reparameterization gradients. Bl e bocancoy

() Works for all (explicit) variational families. o problom set
(Q(SQ Fa/ O'H‘P/

» Remark: for some models, E,.q,z) [E(QS, X, z)] can be calculated analytically. /l ;(”'j:)“s on this

— much faster optimization with “coordinate ascent variational inference” (CAVI) [Blei et al. (2017)]
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> Next Week:

» How can we learn the generative model? — variational expectation maximization
» How can we learn to do inference? — amortized variational inference

» Combined: Variational Autoencoders (VAEs)

» Afterwards: lossy data compression (in theory & in practice)
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